Abstract-Multiple signal representation (MSR) techniques have been used to reduce the high peak-to-average power ratios (PAR) of orthogonal frequency division multiplexing (OFDM) signals. These includes partial transmit sequences (PTS), selected mapping (SLM), selective scrambling and interleaving. All MSR techniques often improve the PAR statistics and are iterative in nature. The PAR reduction obtainable depends on the number of iterations performed, which also increases the complexity of the OFDM transmitter. However, a means to estimate the achievable PAR reduction for a given number of iterations has not been reported in the literature so far. This paper derives a lower bound on the achievable PAR when a MSR technique with a given complexity is used. Our analytical results show a clear asymptotic behavior of the PAR as the number of iterations is increased. Simulation results justify the significance and accuracy of the PAR bound derived.
I. INTRODUCTION

M
ULTIPLE signal representation (MSR) techniques have been proposed by several researchers to reduce the peak-to-average power ratio (PAR) of orthogonal frequency division multiplexing (OFDM) signals. Use of partial transmit sequences (PTS) [1] , selected mapping (SLM) [2] , interleaving [3] and selective scrambling [4] are some of the schemes which use MSR to reduce the PAR. These are all distortionless PAR reduction techniques. In these schemes, several replicas of the OFDM symbol of a given data frame is formed and the one with the minimum PAR is chosen for transmission.
In this letter, we derive the asymptotic behavior of PAR when the number of iterations of the MSR technique is increased. This paper is organized as follows. An overview of OFDM transmission and PAR is given is Section II. Section III discusses some of the MSR techniques, while Section IV discusses the statistical distribution of PAR of an ordinary OFDM signal and PAR reduced OFDM signal. Number of iterations required to achieve a given threshold PAR is derived in Sections V and VI presents the simulation results. Section VII concludes the paper.
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C A cyclic prefix, i.e., guard interval, is added to the resulting signal in order to avoid the intersymbol interference (ISI), which occurs in multipath channels. The guard interval is usually a periodic extension of the OFDM symbol. At the receiver the guard interval is removed and the time interval is evaluated. Time-domain samples of OFDM signals in the equivalent complex valued low-pass domain are approximately Gaussian distributed due to the statistical independence of carriers. Resulting high PAR is given by (2) where denotes expected value. This does not depend on the signal constellation used to modulate the signal. The theoretical maximum of the PAR for number of subcarriers is dB. An oversamplinng factor of is often used to estimate the actual PAR from its samples.
III. STATISTICAL DISTRIBUTION OF PAR
An empirical expression for the distribution of PAR has been derived in [5] . For an OFDM signal with subcarriers, the samples of the complex baseband signal can be written as . From the central limit theorem it follows that for large values of , the real and imaginary values of become Gaussian distributed, each with a mean zero and variance . The amplitude of the OFDM signal is, therefore, Rayleigh distributed, while the power distribution becomes a central chisquare distribution. Thus the cumulative distribution function (CDF) of the PAR of an OFDM signal can then be derived assuming that the samples are mutually independent and uncorrelated. The CDF is given by (3) The independent assumption in (3) is not strictly true for the oversampling case. An empirical expression for the CDF of PAR 1089-7798/04$20.00 © 2004 IEEE can be obtained by approximating the distribution for subcarriers and oversampling by the distribution for uncorrelated subcarriers without oversampling [5] . Exhaustive search can be used to find a proper value for . (4) Reference [5] shows that is a good approximation for the oversampled OFDM signals in general.
A. PAR Distribution of MSR-OFDM Signals
The cumulative distribution function of PAR of an OFDM signal is given by (4) . If fully independent iterations are assumed so that the permuted outputs are uncorrelated, the complementary cumulative distribution function (CCDF) of the PAR of the PAR reduced OFDM signal can be obtained as follows: (5) where is the CCDF of PAR of the th permutation. If all the iterations are independent and uncorrelated (5) can be expressed as (6) Therefore, the CCDF of PAR reduced OFDM signal can be obtained using (4),
IV. COMPLEXITY OF PAR REDUCTION Let the probability of PAR less than a given threshold be (i.e.,
). Then we have only one OFDM symbol having a PAR less than among randomly selected OFDM symbols on average. On the other hand, we know that the PAR of an OFDM signal depends only on the number of carriers. It does not depend on the constellation used to modulated the data. Therefore, iterations are needed to reduce the PAR of an OFDM signal below the given threshold . Consequently, the number of iterations required to reduce the PAR of an OFDM signal below a given threshold can be found using (4) (8) Achievable PAR for a given number of iterations can be estimated using (9) where and is the number of subcarriers. In the above derivation we consider fully independent, uncorrelated OFDM symbols. Therefore, this is a tight lower bound. In practice, symbols generated from the same data frame are correlated. Consequently, achievable PAR for a given number of iterations will always be higher than the value predicted by (9).
V. RESULTS
Simulations were performed for OFDM systems with 64, 256, and 1024 subcarriers, employing quadrature phase-shift Fig. 1 depicts the simulation results of CDF of PAR of an OFDM signal. Both theoretical and simulation results are presented. The PAR of an OFDM signal with 1024 subcarriers is mostly greater than 7 dB. The CDF results can be used to get an idea of the number of iterations need to reduce the PAR below a given threshold. For example, we need to perfrom 20 000 iterations on average to pick an OFDM symbol having a PAR less than 4.7, 6.3, and 7.6 dB when the number of subcarriers are 64, 256, and 1024, respectively.
A. PAR Distribution
The actual gain of a PAR reduction scheme is observed by the CCDF of PAR as depicted in Fig. 2 . It depicts the CCDF of PAR OFDM signals using selected mapping with 16 iterations and the corresponding bound predicted by (9) for . As seen in this figure, the PAR is reduced to 7.2, 8.2, and 9.1 dB while the predicted lower bounds are 6.2, 7.5, and 8.4 dB for , and respectively. Same data frame is used to generate different OFDM signals in MSR techniques. Therefore, the lower PAR obtained by an MSR technique is always higher than the predicted lower bound due the correlation between the signals generated. Fig. 3 presents the achievable PAR reduction for a given number of iterations, estimated using (9). It is evident that the required number of iterations increases exponentially when the threshold PAR is reduced. A MSR technique with 16 iterations can not reduce the PAR below 6.2, 7.5, and 8.4 dB of an OFDM signal having 64, 256, and 1024 subcarriers respectively. Further PAR improvement using a MSR technique requires an exponentially increasing number of iterations.
B. Complexity of PAR Reduction
Observe in the Table I that the number of iterations required to improve the PAR increases exponentially without significant PAR reduction.
corresponds to the PAR of uncoded OFDM signals. At 10 CCDF, only a 0.6-dB gain is achieved by increasing the complexity of the 1024 subcarrier OFDM system from to . Complexity of the transmitter is measured in terms of number of iterations performed. Gains of 1.1 and 0.8 dB are obtained for OFDM systems with 64 and 256 subcarriers, respectively.
As is seen in the Fig. 2 , there are OFDM symbols having PAR greater than the achievable PAR predicted by (9). This is justified by the independent and uncorrelated assumption in deriving the (9). In practice copies of OFDM symbols obtained for each iteration are not completely uncorrelated, as they are generated from the same data frame.
If the probability for PAR to be below is (CDF), we have only one OFDM symbol having the PAR below out of OFDM symbols. Therefore, if we need to reduce the PAR of the system below we need to restrict our PAR reduction scheme, such a way that it will generate only those low PAR OFDM symbols. However, the occurrence of these low PAR OFDM symbols are rare, making it very difficult to reduce the PAR below a certain level. For example, the system requires to avoid 9999 possible OFDM symbols to generate one OFDM symbol having a PAR below 6.3 dB for ( Fig. 1 ) Therefore, it is practically impossible to reduce the PAR of the 256-subcarrier OFDM system below 6 dB using a MSR technique.
VI. CONCLUSION
This letter derives a strict lower bound for the PAR reduction of OFDM signals using multiple signal representation techniques. The PAR of an OFDM signal shows the evidence of a clear asymptotic behavior as the number of iterations is increased. The analytical results presented here can predict both the number of iterations required to achieve a given threshold PAR and the achievable PAR for a given number of iterations. Simulation results exhibit a close agreement with the predicted bounds. This shows the practical difficulty of reducing the PAR below a certain limit using an MSR techniques.
